The integrator delay (ID) model is a popular and simple way to model a canal for control purposes. In this paper, particular attention is given to accurately model the delay and the integrator gain in any flow configuration. Based on a previous work by the authors allowing to have a very accurate frequency domain representation of Saint-Venant equations, the paper proposes a new approximate model: the integrator delay zero (IDZ) model has an integrator and a delay in low frequencies, and models the high frequencies by a constant gain and a delay. Analytical formulas are derived to compute the model parameters for a canal pool possibly in backwater conditions. The IDZ model is compared with an accurate model on two example canals for different flow conditions. The comparisons done in the frequency domain and in the time domain show the accuracy of the model.
Introduction
Canal controller design requires a good model that captures the main dynamics of the system. Open-channel dynamics are usually described using non-linear partial derivatives equations (Saint-Venant equations). In order to use classical linear control design tools (such as frequency response, Nyquist plot, etc.), a linear model of the system is necessary. Such a model can be
• For a pool in uniform regime, it is assumed that the system is a pure delay and that there is no integrator. However, there is always an integrator in the linearized Saint-Venant model.
• For a pool completely affected by backwater, it is assumed that the delay is zero, while the system is a pure integrator. However, the delay which can be computed by the characteristics method is never equal to zero.
These limitations also apply to a pool with intermediate flow conditions (i.e. partly affected by backwater and partly in uniform regime), since the above assumptions for each part of the system are also used: the part affected by uniform flow is supposed to be a pure delay, while the downstream part affected by backwater is supposed to be a pure integrator.
It is possible to derive a new approximate model from the more general one of [12] . The paper presents an analytical integrator delay zero model for a canal pool that reproduces accurately the main frequency behavior of the system. The proposed model is multivariable, i.e. it can represent the upstream influence of a downstream modification, and accurately reproduces the behavior of the system in backwater flow configurations. The model parameters (integrator gains, delays and zeros) are explicitly given as functions of the steady-state discharge Q 0 and the downstream water level Y X and change continuously with those parameters.
The approximate model is compared with the complete model for various flow conditions on two different canals: a long steep canal and a short and flat one, taken from the benchmarks proposed by [6] .
Complete Saint-Venant model

Linearized Saint-Venant model
For a prismatic channel, linearized Saint-Venant equations around a given steady flow regime (including backwater curves) are given by the following equations [13] , where the values of parameters for the steady state regime are denoted with an underscored zero:
where y ¼ Y À Y 0 is the variation of water depth (m), q ¼ Q À Q 0 variation of flow rate (m 3 /s) from the steady state regime, defined by
T 0 ðxÞ is the top width for the equilibrium regime (m), A 0 ðxÞ is the wetted area (m 2 ), Q 0 the reference discharge (m 3 /s) across section A 0 , V 0 ðxÞ the average velocity (m/s) in section A 0 , Y 0 ðxÞ the water depth (m), S f0 ðxÞ the friction slope, S b the bed slope, g the gravitational acceleration (m/s 2 ),
the wave celerity (m/s) and F 0 ¼ V 0 =C 0 the Froude number. Throughout the paper the flow is assumed to be subcritical, i.e. F 0 < 1.
The friction slope S f0 is modelled with Manning-Strickler formula [13] :
with n the roughness coefficient (s/m 1=3 ) and R 0 ðxÞ the hydraulic radius (m), defined by R 0 ¼ A 0 =P 0 , where P 0 is the wetted perimeter (m).
Taking into account Eq. (3), parameters c 0 and b 0 are expressed as
The boundary conditions are then given by qð0; tÞ ¼ q 0 ðtÞ and qðX ; tÞ ¼ q X ðtÞ. The model of the system is therefore given by two linear partial differential equations. Before showing how to obtain a frequency domain representation of these equations, the considered input and outputs are recalled.
Inputs/outputs representation of a irrigation canal
Representation of a pool
In the following, a canal pool is considered using an inputs/outputs approach:
• The considered inputs are the upstream and downstream relative discharges u 1 ðtÞ ¼ qð0; tÞ and u 2 ðtÞ ¼ qðX ; tÞ, with X the length of the pool.
• The outputs are the upstream and downstream relative water depths y 1 ðtÞ ¼ yð0; tÞ and y 2 ðtÞ ¼ yðX ; tÞ.
The 2 · 2 transfer matrix relating the inputs to the outputs will be denoted by P ðX ; sÞ.
Hydraulic structures modelling
The hydraulic structures are modelled as local linear relations between the relative discharge q and the relative water depth y at a given point. These relations are obtained by linearizing the hydraulic equations around a given functioning point.
Let f denote the gate equation involving the water depth Y ðX ; tÞ, the discharge QðX ; tÞ and the gate opening W ðtÞ: 
This result has a very limited domain of application, since real canals are seldom in uniform regime. The authors have proposed a way to compute the solution in more realistic cases, where backwater curves occur, i.e. when matrix A s ðxÞ varies with x [12] . This method is briefly explained before exposing the approximate model.
Numerical solution in the general case
The numerical solution uses a space discretization, and the solution is obtained in each part by evaluating the transfer matrix as if the water depth was constant: this enables to use the same formulas as in the uniform case to compute the solution. The parts are then interconnected in order to get the whole transfer matrix.
Let x k be a space discretization of interval ½0; X into n subintervals:
This numerical solution uses the analytical solution derived above on each subinterval [x k ; x kþ1 ], considering the matrix A s constant on each subinterval, which leads to the overall transition matrix:
where matrices C s ðx k ; x kÀ1 Þ are obtained with the analytical method (Eq. (A.1)), using the value of coefficients in x ¼ x k . This procedure enables to compute the transition matrix C s ðX ; 0Þ for each desired frequency s ¼ jx with a good numerical accuracy and limited computation time [12] . This complete model however relies on a large number of computations, since the backwater curve is needed at each discretization point to obtain the transfer matrix. To obtain a tractable analytical model, simple approximations of the backwater profile and of the transfer matrix are considered in the following. To get a good numerical solution, it is important to choose the number of space steps according to the variation of the water depth. In the uniform regime, only one evaluation of matrix A s is necessary. In non-uniform regimes, it is necessary to evaluate this matrix at several locations. The approximations will be done in the following by considering only two locations.
Analytical approximate model
Two different types of approximation are considered in the following:
• Approximation of the backwater profile by a piecewise linear function.
• Low and high frequencies approximations of the transcendental transfer function to obtain rational models with time delay.
The space approximation will firstly be exposed, then the frequency approximations will be presented, leading to the global approximate model.
Backwater profile
Backwater profile approximation
The backwater profile can be computed accurately by solving the ordinary differential equation (3), which necessitates a space discretization in many parts. In order to get simple analytical expressions, the pool is here separated in two parts:
• The upstream part, in uniform flow: the water surface is approximated by a line parallel to the bottom.
• The downstream part, with backwater flow: the water surface is approximated by a line tangent to the real backwater curve at x ¼ X (downstream end of the pool).
Schuurmans et al. [10] used similar assumptions, but using a horizontal line for the downstream part.
Using the backwater curve definition given by Eq. (3), let S X be the deviation from bed slope of the line tangent to the backwater curve at the downstream end of the pool:
Then, the intersection between the two lines occurs at abscissa x 1 :
Then, the approximate backwater curve satisfies the equation:
Here, Y 1 ¼ Y n when part of the pool is in uniform flow, and when the whole pool is affected by backwater, Y 1 ¼ Y X À XS X i.e. the water depth is a straight line of slope ÀS X . The corresponding approximation of the backwater profile is schematized in Fig. 1 .
Computation of the uniform depth Y n
To obtain an analytical model, it is necessary to have an analytical expression for the uniform depth Y n . It is not possible to have an analytical solution in the general case, but Y n can either be approximated by an analytic expression (e.g. with the hydraulic exponent method [13] ), or be given by tables for a considered canal pool.
The uniform depth is computed from the solution of the algebraic equation S f0 ¼ S b , with S f0 the friction slope given by Manning-Strickler formula (4).
In the general case, S f0 is not a simple function of Y 0 , therefore there is no analytical solution of this equation. The hydraulic exponent method [13] enables to obtain a good approximation of the uniform depth in prismatic channels. In this method, the conveyance
is assumed to be a power function of the depth of flow Y 0 :
where C is a coefficient and N is the hydraulic exponent for uniform flow computation.
A good approximation of N is obtained by computing the uniform depth for two different discharges Q 1 and Q 2 . N is then given by
Given the uniform flow depth Y n ðQ 1 Þ corresponding to a discharge Q 1 (e.g. the maximum discharge for the considered pool), the values of the uniform flow depth Y n ðQ 0 Þ for other discharges Q 0 can be approximated by
Interconnection of two parts
To clarify the interconnection of transition matrices (15), let us consider the case of a pool separated into two parts:
• The upstream part of the pool is modelled by the transfer matrix given by Eqs. (11)- (14) denoted P ðx 1 ; sÞ.
• The downstream part is modelled by a transfer matrix P ðX À x 1 ; sÞ obtained by evaluating matrix A s ðxÞ at x 2 2 ½x 1 ; X .
Let expand A s ðxÞ in Taylor series around x 2 2 ½x 1 ; X : . In the following, p ij ðsÞ denotes the terms of transfer matrix corresponding to the upstream part, p ij ðsÞ those corresponding to the downstream part andp ij ðsÞ those corresponding to the whole pool.
The equivalent transfer matrix b P ðX ; sÞ is therefore obtained by multiplication of the corresponding transition matrices (as in (15)) and rearranging in order to get the desired inputs and outputs, which leads tô
These formulas will be used to get the overall approximation b P ðX ; sÞ from the approximations of P ðx 1 ; sÞ and P ðX À x 1 ; sÞ.
Frequency domain approximations
3.2.1. About approximate models at low frequencies A classical approach followed by many authors [2, 3, 9, 10, 14] is to use the moment matching method in zero (or analog method) to obtain rational approximations of the irrational transfer function. This leads to a model that fits the low frequency response of the system. In the case of the integrator delay model of Schuurmans et al., since the phase is only linked to the delay the approximation will take the group delay of the system as the delay value (the group delay of GðjxÞ is defined by Ào\GðjxÞ=ox [15] ). However, the group delay also incorporates phase changes due to zeros and poles. This explains why the delay T computed by [10] is greater than the real delay s.
Even if this approximation is mathematically valid, a delay is qualitatively completely different from stable poles or zeros from a control point of view. In fact, a delay introduces a structural limitation on the real-time performance of a controlled dynamical system [11] , which is not the case of stable poles or zeros. This is why it is important to model the delay as exactly as possible, and add zeros or poles to better fit the phase shift. As shown in [12] , the exact delay can be obtained by the characteristics.
In the following, low and high frequencies approximations of the transfer matrix P are derived for constant flow conditions. These approximations, together with the interconnection rules (21)-(24) enable to get the overall approximate model.
Low frequencies approximation
For low frequencies, the behavior of the transfer matrix is dominated by the integrator and the delays. The relation between the downstream (resp. upstream) discharge and the downstream level can be considered as an integrator (resp. a delayed integrator) whose gain is the variation of volume with respect to the variation of downstream level. The situation is symmetrical for the upstream level. The integrator gains will be called ''equivalent backwater areas'' since they have the dimension of an area. They can be close to the pool water surface in specific cases (e.g. at uniform flow for small pools), but are usually different from the backwater area. Variables related to the downstream water level are denoted with a subscript d, whereas variables related to the upstream water level are denoted with a subscript u.
For a pool with constant water depth, the low frequency approximation reads:
with the equivalent backwater areas, obtained by computing ðsp ij ðsÞÞð0Þ
and the delays
Using this approximation for each part of the pool together with Eqs. (21)- (24) for the interconnection, the approximation for the transfer matrix b P ðsÞ at low frequencies iŝ
The equivalent areas are given by
A u , A d are given by Eqs. (29) and (30) where the variables are evaluated at 0 and where x ¼ x 1 . A u , A d are given by the same equations (29) and (30) where the variables are evaluated at x 2 and where
The equivalent delays are given bŷ
The delays for the upstream uniform part s d and s u are given by Eqs. (31) and (32) where the variables are evaluated at 0 and where x ¼ x 1 . The delays for the downstream backwater part s d , s u are given by the same equations (31) and (32) where the variables are evaluated at x 2 and where x ¼ X À x 1 .
High frequencies approximation
For high frequencies, the delay and the gravity waves are predominant in the transfer matrix elements. It is not easy to obtain a simple approximation of the oscillatory behavior of the gravity waves. For simplicity, only the static behavior of the oscillation is represented. This is modelled by constant gains in high frequencies, denoted p ij 1 . These gains are obtained by computing the average value of the modulus of each transfer for high frequencies. Indeed, lim jsj!1 jp ij ðsÞj may not exist, since jp ij ðsÞj may oscillate at infinity. The oscillating terms are sinusoidal, therefore the average value is computed by nullifying them.
For a pool with constant water depth, one then gets the approximation: 
For the downstream backwater part, the same expressions are valid, replacing x with
and all the variables by their value taken at x 2 .
Global approximate model
The global model is simply obtained by adding the approximations in high and low frequencies:
The approximate model is now completely presented. Given a prismatic canal with known geometry and Manning coefficient, a discharge Q 0 and a downstream limit condition Y X , Eqs. The accuracy of this approximate model will now be evaluated.
Validation of the approximate model
Example canals
The paper is illustrated with two trapezoidal prismatic channels, with different characteristics (see Table 1 , where X is the channel length (m), m the bank slope, B the bed width (m), S b the bed slope, n the roughness coefficient (s m 1=3 ), Y n the uniform depth (m) corresponding to the maximum discharge Q max (m 3 /s)). Canal 1 is a short oscillating canal, and canal 2 is a long delayed canal.
The downstream limit condition Y X is chosen equal to the uniform depth Y n for Q max . The uniform depth approximations are obtained using Eqs. (19) and (20) where Q 1 ¼ Q max and Q 2 ¼ Q max =8. This leads to N ¼ 3:51 for canal 1 and N ¼ 3:56 for canal 2. The obtained approximations of the uniform depths are very accurate for both canals (see Fig. 2 ).
The approximate backwater curves obtained in this case for an average discharge Q max =2 are depicted in Fig. 3 for both canals. 
Model evaluation 4.2.1. Comparison of frequency responses
The Bode plots of canals 1 and 2 are obtained in non-uniform flow conditions for Q 0 ¼ Q max =2 using the complete numerical method [12] (see Fig. 4 ). One can notice the behavior of both canals, which is completely different: canal 1 is oscillating, with resonant modes, and canal 2 exhibits a long time delay.
The approximate model reproduces very well the global frequency behavior of the system, especially in the case of canal 1. Canal 2 has a pole that is not taken into account by the approximate model.
In order to show the accuracy of the method, it is important to see how the parameters vary with the hydraulic conditions, i.e. the discharge Q 0 .
Parameters comparison
Let us consider a constant downstream limit condition Y X corresponding to the uniform flow for Q max , and vary the discharge Q 0 . The canal is therefore in uniform flow for Q 0 ¼ Q max and the backwater curve increases as the discharge diminishes. The approximate parameters are compared with their exact values when they are available.
Figs. A d . The gain at high frequenciesp 21 1 is rather well estimated for canal 2, and is in between min and max values for canal 1. In fact, the max value of the gain at high frequenciesp 21 1 increases a lot as the discharge tends towards zero, since the damping of resonant modes diminishes. This is not taken into account by the approximate model, which is sufficient for control purposes, since the resonant modes will not be controlled. These resonant modes are usually filtered in order not to destabilize the controlled system. 
Comparison of time-domain simulations
The approximate model is compared to a finite dimensional model obtained by rational approximation of the exact model [12] . Simulations are done on Matlab â for canals 1 and 2, for Q 0 ¼ Q max =2 (see Fig. 8 ). The models are connected with a downstream gate (equivalent to a local feedback) with a gain k v ¼ 6:84.
The simulation is very accurate for both canals: in fact, as can be seen from the Bode plot, the whole frequency response is very well fitted by the approximate model, except the resonant modes for canal 1 and a supplementary pole for canal 2. These discrepancies occur in rather high frequencies and at a small gain, this is why they are not clearly visible in the step response.
Conclusion
The paper proposes a new analytical approximate model for an open-channel pool subject to backwater. This integrator delay zero model is simple, and very accurate. It is obtained from rigorous mathematical development on linearized Saint-Venant equations. It models the complete transfer matrix (i.e. the downstream influence is also taken into account). The inputs are the upstream and downstream discharges, and its outputs are the upstream and downstream water levels.
The model has been validated in frequency and time domain using the complete transfer matrix obtained following [12] on two different example canals.
The approximate model can be used for controller design, such as distant downstream PI controllers, or even for advanced controller design (e.g. multivariable controllers).
This is the classical result already obtained by many authors [2, 3, 5, 6, 10] . Reordering the result in order to have the initial boundary conditions as inputs (qð0; sÞ and qðX ; sÞ) leads to the Saint-Venant transfer matrix: 
